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Adaptive Robust Bank-to-Turn Missile Autopilot
Design Using Neural Networks

Li-Chen Fu,¤ Wei-Der Chang,† Jung-Hua Yang,‡ and Te-Son Kuo§

National Taiwan University, Taipei 106, Taiwan, Republic of China

An adaptive robust neural-network-based control approach is proposed for bank-to-turn missile autopilot
design.Feedforward neuralnetworks with sigmoidhiddenunitsareanalyzed indetail for controllerdesign.Without
prior knowledge of the so-called optimal neural networks, we design a controller that exploits the advantages of
both neural networks and robust adaptive control theory. For this scheme, a stable adaptive law is determined by
using the Lyapunov theory, and the boundedness of all signals in the closed-loop system is guaranteed. No prior
offline training phase is necessary, and only a single neural network is employed. It is shown that the tracking
errors converge to a neighborhood of zero. Performance of the controller is demonstrated by means of simulations.

Nomenclature
An = normal acceleration, g
Anx ; Any; Anz = output measurements of the accelerometer

mounted at the center of gravity of the missile
corresponding to the bx , by , and bz axes,
respectively, g

Ax ; Ay; Az = acceleration along the bx ; by , and bz axes,
respectively, g

a = speed of sound in air, m/s
fbx ; by; bzg = right-handedbody coordinate frame that is

attached to the missile, consisting of three
mutually perpendicularunit vectors

C fx ; C fy ; C fz = aerodynamic force coef� cients corresponding
to the bx ; by , and bz axes, respectively

Cm x ; Cm y ; Cm z = moment coef� cients corresponding to the bx ,
by , and bz axes, respectively

Nc = mean aerodynamic chord or reference
length, m

dp; dq ; dr = effective aileron de� ection angle, effective
elevator de� ection angle, and effective rudder
de� ection angle, respectively, rad

fex ; ey ; ezg = right-handed inertial coordinate frame,
consisting of three mutually perpendicularunit
vectors

Fgx ; Fgy; Fgz = gravitational force along bx ; by , and bz axes,
respectively,N

Fx ; Fy; Fz = external forces along bx ; by , and bz axes,
respectively,N

NFx ; NFy; NFz = aerodynamic forces along bx ; by , and bz axes,
respectively,N

Ix x ; Iyy ; Izz = moment of inertia of the missile body about
the bx , by , and bz axes, respectively, kg¢m2

Mx ; My ; Mz = total moment about bx , by and bz axes,
respectively,N ¢m

M1 = Mach number
m = missile mass, kg
P; Q; R = roll rate, pitch rate, and yaw rate along the

bx ; by ; and bz axes, respectively (Cclockwise),
rad/s

Qs = dynamic pressure, N/m2

Sref = reference wing area, m2

T = thrust, kg
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.U; V; W/T = velocity vector of the missile represented with
respect to the body frame, m/s

u p; uq ; ur = actuator inputs for aileron de� ection, elevator
de� ection, and rudder de� ection, respectively

Vm = magnitude of missile velocity, m/s
Vm = missile velocity vector, m/s
wa = actuator bandwidth, rad/s
.X; Y; Z/T = position vector of the center of mass of the

missile represented with respect to the inertial
frame, m

® = angle of attack, rad
¯ = sideslip angle, rad
±1; ±2; ±3; ±4 = four tail de� ection angles that are intermixed

to produce the effective aileron, elevator, and
rudder de� ection angles, respectively, rad

µ = body-axis pitch angle measured from the
projection of bx onto the plane horizontal to
bx , rad

½ = density of air, kg/m3

Á = body-axis bank angle measured from the
downward vertical direction to bz about the
axis bx , rad

Ã = body-axis yaw angle measured between a
� xed compass bearing and the projection of bx

onto the horizontal plane, rad

I. Introduction

B ANK-TO-TURN (BTT) missileshavehigh maneuverabilityas
compared with skid-to-turn (STT) missiles. To execute a BTT

autopilot strategy, these missiles must have the ability to change
the orientation of the acceleration rapidly by means of a very high
roll rate. However, such a high roll rate will induce cross coupling,
resulting in undesirable pitch and yaw motion. Furthermore, the
autopilot design will become more dif� cult because of imprecise
knowledge of the aerodynamic parameters.

In the literature, the method of feedback linearization1 has been
applied to the � ight control problem.2¡5 To perform exact cancella-
tion, the technique assumes exact knowledge of aerodynamic coef-
� cients and aircraft con� guration parameters (e.g., reference wing
area, mean aerodynamicchord, mass, moment of inertia) in the en-
tire � ight envelope. In practice, this assumption is not valid; hence,
further study on robustness is necessary.Hedrick and Gopalswamy6

used a sliding mode control technique to design a robust pitch axis
control system for a high-performance aircraft. By using a rather
detailed six-degree-of-freedom(DOF) missile model, Lian et al.2

proposed an adaptive robust BTT autopilot design to treat the un-
certainties ef� ciently without prior knowledge of the bounds on
the uncertainties. Huang and Lin3 applied sliding mode control to
cope with model uncertainty of the BTT missile autopilot design.
However, these schemes require a tedious design procedure to per-
form I/O feedback linearization.
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Recently, neural networks have shown great promise in the realm
of nonlinearcontrolproblemsbecauseof their universalapproxima-
tion capability.This powerfulpropertyhas inspiredthe development
of many neural-network-basedcontrollers without signi� cant prior
knowledgeof the system dynamics.So far, some developedfeedfor-
wardneural-network-basedcontrolschemes,whosenetworkparam-
eters are adapted according to the Lyapunov theory, have provided
rigorous theoretical analysis. In particular, Sanner and Slotine7 uti-
lized the spatial sampling theory to design a Gaussian radial ba-
sis function network to deal with plant nonlinearities, which was
then applied to the � ight control problem8 and to robotic systems.9

Unfortunately, this scheme cannot be applied to approximate very-
high-dimensional nonlinearities in practice because the total num-
ber of Gaussian hidden units will become prohibitively large. In
� ight control, however, a rather precise aircraft model needs to be
considered, so that highly dimensional state-space will become in-
evitable. Moreover, Chen and Liu10 used multilayer feedforward
networks and a backpropagation(BP) rule with a deadzone to over-
comemodelingerrors; this method,however,requiredthat the initial
parameter errors be small enough to ensure convergence.Following
a similar line of thought,Lewis et al.11 also utilizedmultilayer feed-
forward networks but applied e1-modi� cation to the BP rule and
added an extra control signal to increase robustness. The drawback
of this scheme is that the design approach needs a priori knowledge
of the upper bound on the optimal neuron weights, whereas the
present work does not require such prior knowledge. Nevertheless,
these methods provide a link between neural networks and adaptive
control theory.

An adaptive robust neural-network-basedcontroller is proposed
for a BTT autopilot design. Feedforward neural networks with sig-
moid hidden units are analyzed in detail for controllerdesign.With-
out prior knowledge of the so-called optimal neural networks, we
have designed a controller that exploits the advantagesof both neu-
ral networks and neural-network-based sliding mode control. For
this scheme, a stable adaptive law is devised by using the Lya-
punov theory, whereby the boundednessof all the signals as well as
the convergenceof the trackingerrors of the closed-loopsystem are
guaranteed.It is particularlynoteworthythatno prior of� ine training
phaseis necessaryand thatonly a singleneuralnetwork is employed.

The organization of the paper is as follows. Section II presents
the dynamic model of a missile system. Section III gives a detailed
analysis of the multilayer feedforward neural networks that will
be used in design. In Sec. IV, the design procedure is presented,
and the stability property of the proposed BTT missile autopilot
is proven. Simulation results are presented in Sec. V to verify the
control approach. Finally, some conclusions are given in Sec. VI.

II. Missile Model
The missile model integrates several parts that perform differ-

ent functions: 1) The aerodynamics are represented throughout the
entire � ight envelope using multidimensional tables and linear in-
terpolation, which perform as a nonlinear function generator; 2)
an atmospheric data model is given in terms of atmospheric tables,
basedon which the speed of soundand air densitycan be calculated;
and 3) the actuatordynamics of the missile � ns and the equationsof
motion of the missile are both expressed in a state-space form. As
a result, the descriptionof the overall missile model is decomposed
into three parts as shown next.

A. Equations of Motion
Supposethe aircrafthas a rigidbody.Then, the completesix-DOF

missile dynamics expressed in a state-space form are as follows:

PP D
Iyy ¡ Izz

Ix x
Q R C

Mx

Ix x

PQ D
Izz ¡ Ix x

Iyy
R P C

My

Iyy

PR D
Ix x ¡ Iyy

Izz
P Q C

Mz

Izz

PÁ D P C .Q sin Á C R cos Á/ tan µ Pµ D Q cos Á ¡ R sin Á

PÃ D .Q sin Á C R cos Á/

cos µ

PU D RV ¡ QW C 1
m

Fx
PV D ¡RU C PW C 1

m
Fy

PW D QU ¡ PV C 1
m

Fz

PX
PY
PZ

D
cÃ cµ cÃ sµ sÁ ¡ sÃcÁ cÃsµ cÁ C sÃ sÁ

sÁcµ sÃ sµ sÁ C cÃcÁ sÃsµ cÁ ¡ cÃ sÁ

¡sµ cµ sÁ cµ cÁ

U

V

W
(1)

where we use the shorthand notation sz ´ sin.z/, and cz ´ cos.z/;
8z D Á; µ; Ã . Further details can be found elsewhere.12;13

B. Actuator Model
The missilesystemhas four tail � ns (Fig. 1) intermixedto produce

the effective aileron, elevator, and rudder de� ection angles

dp D 1
4 .¡±1 ¡ ±2 C ±3 C ±4/; dq D 1

4 .±1 C ±2 C ±3 C ±4/
(2)

dr D 1
4
.¡±1 C ±2 ¡ ±3 C ±4/

Each � n actuator has a � nite bandwidth so that, for simplicity, the
action of the effective de� ection angles can be modeled by a � rst-
order system with surface position saturation and rate saturation as
follows:

Pd p D ¡wadp C wau p; Pdq D ¡wadq C wauq

Pdr D ¡wadr C waur

(3)

C. Aerodynamic Model
The force exerted on an aircraft in � ight consists of the aerody-

namic force, thrust, and gravitational forces, and the aerodynamic
moment is created by the aerodynamic load distribution.The com-
ponents of the external force and moment are

Fx D NFx C T C Fgx ; Fy D NFy C Fgy

Fz D NFz C Fgz; Mx D Cm x Qs Sref Nc (4)

My D Cm y Qs Sref Nc; Mz D Cm z Qs Sref Nc

where the gravitational forces and the aerodynamic forces are de-
� ned by

Fgx ´ ¡mg sin µ; Fgy ´ mg cosµ sin Á

Fgz ´ mg cos µ cosÁ; NFx ´ C fx Qs Sref (5)

NFy ´ C fy Qs Sref; NFz ´ C fz Qs Sref

Fig. 1 Missile con� guration.
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where

Qs D 1
2 ½V 2

m and V 2
m D U 2 C V 2 C W 2 (6)

and the model of all aerodynamic force coef� cients C f and the
aerodynamic moment coef� cients Cm can be expressed as follows:

C fx

C fy

C fz

D
C1

C4

C7

C
0 C2 C3

C5 0 C6

C8 C9 0

dp

dq

dr

(7)

Cm x

Cm y

Cm z

D
C10

C13

C16

C
C11 0 C12

C14 C15 0

C17 0 C18

dp

dq

dr

(8)

where the Ci terms are functions of the attack angle ® ´
tan¡1.W=U /, sideslip angle ¯ ´ tan¡1.V=U /, Mach number
M1 ´ Vm =a, body angular velocities P , Q, R, missile altitude ¡Z ,
andmissile velocityVm andcan be calculatedvia linear interpolation
of the tabular data.

In the analysis and design problems concerning missile control,
the vehicle body-axis accelerations constitute the set of most com-
monly adopted observation variables and are de� ned by

Ax D Fx =m; Ay D Fy=m; Az D Fz=m (9)

In contrast, the equationsconcerningthe output measurementof the
body accelerometers .or the aerodynamic accelerations/ mounted
at the vehicle center of gravity are

Anx D NFx=m; Any D NFy=m; Anz D NFz=m; An D ¡Anz

(10)

III. Feedforward Neural Networks
In a neural network, simple nonlinear elements, called neurons,

are interconnected, and the strengths of the interconnections are
denoted by adjustable parameters called neuron weights. A three-
layer feedforwardneuralnetwork is used to designa robust adaptive
neural controller. The structure of the neural network, shown in
Fig. 2, performs as an approximator described in matrix form as

Ohn.Nx; OWh ; OVh/ D OWh¾. OVh Nxa/ (11)

where OWh 2 Rm £ p and OVh 2 R p£.n C 1/ are the output-hiddenweight
matrixand hidden-inputweightmatrix, respectively; Nx 2 Rn £ 1 is the
input vector; Nxa ´ .NxT ; ¡1/T 2 R.n C 1/ £ 1 is the augmented neural
input vector (the ¡1 term denotes the input bias),

¾i
OVh i Nxa ´

1

1 C exp ¡ OVhi Nxa

2 R; i D 1; : : : ; p

(12)
is a sigmoid function, and

¾. OVh Nxa/ ´

¾1. OVh1 Nxa/
:::

¾p
OVh p Nxa

; with OVh ´

OVh1

:::

OVh p

(13)

Fig. 2 Multilayer neural network structure.

where OVh includes the threshold, ¾i . OVhi Nxa/ ´ O¾i for each i D
1; : : : ; p and ¾. OVh Nxa/ ´ O¾.

Arti� cial neural networks are promising tools for control appli-
cationsbecausemultilayer feedforwardnetworkswith as few as one
hidden layer can approximate any well-behaved nonlinear function
to any desired accuracy.14;15 This universal approximation theory is
stated formally in the following theorem.

Theorem 1. Let Nx 2 D (a compact subset of Rn ), h.Nx/: D ! Rm

be a continuous-function-vector. For an arbitrary constant ² > 0,
there exists an integer p (the number of hidden neurons) and real
constantoptimalweight matricesWh 2 Rm £ p and Vh 2 R p £ .n C 1/,
such that

h.Nx/ D hn.Nx; Wh; Vh/ C ²h.Nx/ (14)

where ²h.Nx/ is the approximation error vector satisfyingk²h.Nx/k ·
²; 8 Nx 2 D. The optimal approximator can be described as

hn.Nx; Wh ; Vh/ ´ Wh¾.Vh Nxa/ (15)

where k¢k denotes the 2-norm, and Nxa ´ .NxT ; ¡1/T .
Proof: See Ref. 15.
Remark 1: Given the result of Theorem 1, there exist NWh and NVh

as Nx 2 D such that

kWhkF · NWh 2 RC (16)

kVhkF · NVh 2 RC (17)

where k ¢ kF denotes the Frobenius norm and kWhk2
F ´ trfWT

h Whg,
kVhk2

F ´ trfVT
h Vhg.

In general, study of the stability of a multilayer neural-
network-basedcontrol system is dif� cult becausethe corresponding
dynamics are nonlinear in adjustableneural network weights. Such
a structuregenerallyis not suitablefor adaptivecontrol.Fortunately,
the approximation error denoted by Qh n can be expressed in a lin-
early parameterized form modulo a residual term. This is stated in
the following lemma.

Lemma 1. De� ne the estimation errors of the weight matrix as

QWh ´ Wh ¡ OWh; QVh ´ Vh ¡ OVh (18)

and the estimation error of the hidden-layer vector as Q¾ ´
¾.Vh Nxa/ ¡ ¾. OVh Nxa/ ´ ¾ ¡ O¾; then, the function approximation
error Qhn is

Qhn ´ h.Nx/ ¡ Ohn. Nx; OWh ; OVh/

D QWh. O¾ ¡ O¾0 OVh Nxa/ C OWh O¾0 QVh Nxa C dh (19)

where the residual term dh can be expressed as

dh D QWh O¾0Vh Nxa C Who. QVh Nxa/ C ²h.Nx/ (20)

with o.¢/ representinga sum of the high-orderterms of the argument
in a Taylor-series expansion.

Proof: To obtain the linear parameterization structure shown
above, we manipulate the following equalities:

Qhn D Wh¾.Vh Nxa/ ¡ OWh¾. OVh Nxa/ C ²h.Nx/

D QWh Q¾ C OWh Q¾ C QWh O¾ C ²h.Nx/ (21)

To deal with Q¾, we use the Taylor-series expansion

¾.Vh Nxa/ D ¾. OVh Nxa/ C ¾0. OVh Nxa/.Vh Nxa ¡ OVh Nxa/ C o. QVh Nxa/

D O¾ C O¾0 QVh Nxa C o. QVh Nxa/ (22)

) Q¾ D O¾0 QVh Nxa C o. QVh Nxa/ (23)

where o.¢/ denotes the sum of the high-order terms of the argument
in a Taylor-series expansion and

O¾ 0
i ´ ¾ 0

i
OVhi Nxa D d¾i .Z /

dZ
Z D OVhi Nxa

; 8 i D 1; : : : ; p (24)

O¾0 D diagf O¾ 0
1; : : : ; O¾ 0

pg 2 R p £ p (25)
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Now, we can rewrite Qhn as

Qhn D QWh [ O¾0 QVh Nxa C o. QVh Nxa/]

C OWh [ O¾0 QVh Nxa C o. QVh Nxa/] C QWh O¾ C ²h.Nx/

D QWh. O¾ ¡ O¾0 OVh Nxa/ C OWh O¾0 QVh Nxa

C QWh O¾0Vh Nxa C Who. QVh Nxa/ C ²h.Nx/

dh

(26)

which is exactly the claim of this lemma. This, hence, completes
the proof. QED

Lemma 2. The residual term dh can be bounded by a linear-in-
parameter function, i.e.,

kdhk < ®T
h Y® (27)

where the unknown parameter vector ®h 2 R4£1 is composed of
optimalweightmatricesandsome boundedconstantsand the known
function vector Y® is de� ned as

Y® D .1; kNxak; kNxakk OWhkF ; kNxakk OVhkF /T (28)

Proof: For the sigmoidalactivationfunction,the high-orderterms
are bounded by

ko. QVh Nxa/k D k Q¾ ¡ O¾ QVh Nxak

· k Q¾k C k O¾0kk QVhkF kNxak

· c1 C c2k QVhkF kNxak (29)

where c1, c2 are some boundedconstantsbecause the sigmoid func-
tion and its derivative are always bounded by constants. Then, we
are ready to state that dh is bounded by

kdhk D k QWh O¾0Vh Nxa C Who. QVh Nxa/ C ²h.Nx/k

· k QWhkF k O¾0kF kVhkF kNxakCkWhkF .c1 C c2k QVhkF kNxak/ C ²

· k QWhkF c2
NVhkNxak C NWh.c1 C c2 k QVhkF kNxak/ C ²

· .c1
NWh C ²/ C c2

NVh. NWh C k OWhkF / kNxak

C c2
NWh. NVh C k OVhkF /kNxak

· .c1
NWh C ²/

®h0

C .c2
NVh

NWh C c2
NWh

NVh/

®h1

kNxak

C c2
NVh

®h2

k OWhkF kNxak C c2
NWh

®h3

k OVhkF kNxak

D .®h0 ®h1 ®h2 ®h3/

1

kNxak
kNxakk OWhkF

kNxakk OVhkF

´ ®T
h Y®

(30)

where we have used the following facts:

k QWhkF · NWh C k OWhkF ; k QVhkF · NVh C k OVhkF (31)

This concludes the proof of this lemma. QED
So far, these two lemmasallowus to approximateany continuous-

function vector over a compact domain via a neural network archi-
tecture as shown in Fig. 2. Their difference can be shown to depend
linearly on the errors of the neural weights (i.e., the difference be-
tween the weight estimates and the optimal weights) and a residual
term that can be upper bounded by some linearly parameterizable
term (i.e., an inner product of an unavailable parameter vector and
some known function vectors). These results, hence, will help us
to apply a robust adaptive control technique and adaptive sliding
modecontrolto overcomethedif� cultycausedby theapproximation
process.

IV. Autopilot Design
The control goal of a missile autopilot system is, normally, to

drive the missile to track acceleration commands generated by a
guidance/navigation system, whose objective is in fact to produce a
certain desired motion pattern, including turning. To achieve track-
ing of the acceleration command, the autopilot has to develop both
a side force and a normal force on the missile body. If a missile
autopilot exercises a turning motion by means of a side force (in
the presence of sideslip), it is called an STT missile. On the other
hand, the BTT steering scheme � rst involves rolling (banking) to
a certain angle such that the plane of the maximum aerodynamic
normal force is in the desired direction. Next, the magnitude of the
normal force can be controlled by adjusting the angle of attack. A
BTT missile should maintain a minimal sideslip angle and positive
angle of attack as ramjet propulsion technology is applied.

Such a BTT autopilot strategy gives the missile relatively high
maneuverability. However, this favorable property means not only
high aerodynamicnormal acceleration,but also the ability to change
the orientation of acceleration rapidly by means of a considerably
large roll rate. However, a high roll rate will induce cross coupling,
resultingin undesirablepitchandyawmotion.To dealwith theeffect
of cross coupling, the autopilotdesign must treat the BTT missile as
a multi-input/multi-output (MIMO) system, whereas in typical STT
technology, this cross coupling is negligible, and the autopilot can
be designed with independent pitch, yaw, and roll channels. In the
literature,thereexist severallogicalautopilotcommandoptionsused
to achieve the BTT steering policy.2;3;16;17 These different options
neverthelesshave the same purpose and are summarized in Table 1
for clarity.2;3;16¡18

However, output assignment .Ay; Az/ unfortunately leaves the
system with an undesirable nonminimum phase phenomenon. To
alleviate this problem, the output rede� nition has been investigated
carefully.2;6 On the basis of the work of Lian et al.,2 the output of
the BTT system is changed to the following set of variables:

y D
y1

y2

y3

´
Á

V

W

(32)

Note that the effect of the above output de� nition is somewhat
similar to the set .Á; ¯; ®/T because ¯ ´ tan¡1.V=U / and ® ´
tan¡1.W=U /.

The design procedure of the autopilot is summarized as follows.
Step 1) I/O feedback linearization.
From Eqs. (1), (3), and (32), the complete missile dynamic equa-

tions and output equationcan be rewritten in the following compact
form:

Px D f .x/ C G.x/u y D h.x/ (33)

with x D .P; Q; R; Á; µ; Ã; U; V; W; X; Y; Z ; dp ; dq ; dr /
T

and u D .u p; uq ; ur /
T .

Table 1 Options for autopilot output channels

Output
Purpose de� nition Notation Ref.

Certain roll angle Á Bank angle 2, 17
(maximum changes P Roll rate 18
§180 deg) Ps ´ P cos ® Roll rate with 3

CR sin ® respect to the
stability axis

Suitable normal force ® Angle of attack 3, 17
Az Normal acceleration 16

along bz body axis
PW Time derivative 2

of velocity along
bz body axis

Minimal side force ¯ Sideslip angle 3, 17, 18
Ay Side acceleration 16

along by body axis
PV Time derivative 2

of velocity along
by body axis
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It is well known that under certain structural conditions,1 there
exists a state diffeomorphism such that the nonlinear MIMO BTT
missile system can be decoupledand linearizedby a nonlinear state
feedback control law. This condition is stated via the following
assumption.

Assumption 1. The BTT missile system has a known strong
relative-degreevector .r1; : : : ; rm /, i.e.,

ri D inffkjLg j L
k¡1
f .hi / 6D 0; for some j; 1 · j · 3g;

i D 1; 2; 3 (34)

where L f .¢/, Lg j .¢/ denote the Lie derivatives with respect to f and
g j , respectively.

Hence, to derive the relative-degreevector of model (34), given
the choice of output channels (33), we � rst arrive at the I/O rela-
tionship as follows:

y.r1 /

1

y.r2 /

2

y.r3 /

3

´
Á.3/

RV
RW

D A.x/ C B.x/u (35)

and then we can directly read out that the relative-degree vector
.r1; r2; r3/ is .3; 2; 2/ by following the procedure, e.g., in Isidori.1

Because the preceding equations only refer to the observable part
of the transformed system equations, the characteristics of the un-
observablepart (or internal dynamics) must possess some desirable
property in advance. Thus, some relevant system information is
stated as follows.

Assumption 2. The zero dynamics are exponentially stable.
Step 2) Linear parameterizationof B.
If B is completely unknown, the problem becomes too complex

to designa suitablecontrollerhere.Even if a time-consumingof� ine
training scheme were applied to a neural-network-basedcontroller,
it would still require the availability of suitable and complete train-
ing patterns with respect to B.x/. However, training that is almost
perfect seems impossible because of the wide operation range and
multivariable characteristics of a � ight system. If the structure of
B.x/ can be expressed in a linear-in-parameterform, then the effort
needed to design a neural-network-basedcontroller will be drasti-
cally reduced. Thus, the intrinsic useful property is assumed and is
stated in the following:

Assumption 3. The control gain matrix B satis� es the linear-in-
parameters property, i.e.,

B.x/ D H T
B !B (36)

where H B is the unknown parametermatrix and !B is the regressor
matrix.

On the basis of some modeling knowledge (refer to Sec. II), the
linear-in-parameterform of B can be obtained and expressed in the
following equation via Table 2:

B ´
b11 b12 b13

b21 b22 b23

b31 b32 b33

D H T
B !B (37)

Step 3) Specifying the sliding-surfacevariable.
Suppose the desired trajectories Ád , Vd , Wd are suf� ciently

smooth; then, the output tracking error is de� ned as

e1

e2

e3

´
Á ¡ Ád

V ¡ Vd

W ¡ Wd

(38)

Therefore, we can de� ne the sliding-surfacevector as

S D
S1

S2

S3

´
Re1 C 2¸1 Pe1 C ¸2

1e1

Pe2 C ¸2e2

Pe3 C ¸3e3

(39)

Table 2 Structure of the control gain matrix B

Entry Unknown parameter 2B Known regressor !B

b11 D .0:5 £ wa Sref Nc½C11=Ix x / £ V 2
m

C .0:5 £ wa Sref Nc½C14=Iyy / £ V 2
m tan.µ/ sin.Á/

C .0:5 £ wa Sref Nc½C17=Izz/ £ V 2
m tan.µ/ cos.Á/

b12 D .0:5 £ wa Sref Nc½C15=Iyy / £ V 2
m tan.µ/ sin.Á/

b13 D .0:5 £ wa Sref Nc½C12=Ix x / £ V 2
m

C .0:5 £ wa Sref Nc½C18=Izz/ £ V 2
m tan.µ/ cos.Á/

b21 D .0:5 £ wa Sref½C5=m/ £ V 2
m

b22 D 0
b23 D .0:5 £ wa Sref½C6=m/ £ V 2

m
b31 D .¡0:5 £ wa Sref½C8=m/ £ V 2

m
b32 D .¡0:5 £ wa Sref½C9=m/ £ V 2

m
b33 D 0

where ¸i 8 i D 1; 2; 3 are all positiveconstants.Then, the derivative
of S is

PS D
y.3/

1

Ry2

Ry3

C
¡Á

.3/

d C2¸1 Re1 C¸2
1 Pe1

¡ RVd C¸2 Pe2

¡ RWd C¸3 Pe3

Ar

D ¡ K S C . K S C A C Ar /

Ã. Nx/

CBu

D ¡ K S C Ã C Bu (40)

where

Nx D xT ; e1; Pe1; Re1; Á
.3/

d ; e2; Pe2; RVd ; e3; Pe3; RWd
T 2 Rn 0 £ 1

n0 D n C
3

j D 1

r j C 3

and

K D diagf31; : : : ; 3m g
is a positive de� nite matrix.

Remark 2. Employmentof such a sliding-modedesignarises from
the desire to achieve output tracking regardless of the approxima-
tion error, namely, dh . In other words, the neural network tries to
approximatethe complexdynamicsÃ. Nx/, whereas the sliding-mode
control tries to increase the closed-loop system robustness.

Step 4) Adaptive robust neural-network-based controller struc-
ture.

The main idea of the controller is to apply a feedforward neural
network to approximate the function Ã.Nx/ and a matrix

OB ´ OH
T

B !B (41)

to estimate the original matrix B. On the basis of Theorem 1,
we know that there exists an optimal neural approximator Ãn D
WÃ ¾.VÃ Nxa/ over a properly de� ned compact domain, and we de-
sign a neural approximator OÃ n. OWÃ ; OVÃ ; Nxa/ to model the function
Ã.Nx/, given the estimates OWÃ and OVÃ .

Then, the approximation error QÃ n is

QÃ n. OWÃ ; OVÃ ; Nxa/ ´ Ã ¡ OÃ n

D QWÃ . O¾ ¡ O¾0 OVÃ Nxa/ C OWÃ O¾0 QVÃ Nxa

C dÃ 2 R3 £ 1 (42)

where Nxa ´ .NxT ; ¡1/T is the augmented neural input vector, QWÃ ´
WÃ ¡ OWÃ , QVÃ ´ VÃ ¡ OVÃ are the estimation errors of WÃ and VÃ ,
respectively,and the residual term dÃ 2 R3 £ 1 is bounded by

kdÃk · ®T
Ã .1; kNxak; kNxakk OWÃ kF ; kNxakk OVÃ kF /T

D ®T
Ã Y® (43)

where ®Ã 2 R4 £ 1 is an unknown parameter vector and Y® 2 R4 £ 1

is a known function vector.
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According to the preceding steps, we can design an adaptive ro-
bust neural-network-basedautopilot as follows.

Control law:

u D OB¡1.¡ OÃn C v/ OÃn D OWÃ ¾. OVÃ /

v D ¡sat.S="/ O®T
Ã Y®

OB D OH
T

B !B

(44)

where sat.S="/ ´ [sat.S1="/; sat.S2="/; sat.S3="/]T , a linear range
" is used to avoid discontinuouscontrol transitions,and sat.¢/ is the
saturation function satisfying

sat.Â/ D
Â if jÂ j · 1

sgn.Â/ otherwise
(45)

Adaptive law:

POW T
Ã D C w . O¾ ¡ O¾0 OVÃ Nxa/ST

1

POV T
Ã D C v NxaST

1
OWÃ O¾0

(46)
POH T

B D C B!B uST
1

PO®Ã D C ®kS1kY®

where the adaptive gain matrices C w , C v , and C ® are all symmetric
and positive de� nite with

S1 D
S11

S12

S13

´

&$ S1 ¡ " sat.S1="/

S2 ¡ " sat.S2="/

S3 ¡ " sat.S3="/

’%
(47)

used to carry out a smooth adaptive law with a deadzone size of ".
Such a dead-zonetechniqueoftenhasbeen incorporatedto deal with
the phenomenon of parameter drift in the robust adaptive control
theory.19;20

Figure 3 depicts the block diagram of the autopilot developed
herein, and the effect of this BTT autopilot controller can be stated
via the following theorem.

Theorem2. Consider the nonlinearBTT missile system(33) satis-
fying Assumptions 1–3. De� ne the control law as given in Eq. (44)
and the adaptive law in Eq. (46). If Ád ; : : : ; Á

.3/

d ; Vd ; : : : ; RVd and
Wd ; : : : ; RWd are all bounded, then the tracking errors e1 , e2 , and e3

de� ned in Eq. (38) will asymptoticallyconverge to a neighborhood
of zero, all with individual size of order ", and where all adjustable
parameters will remain bounded.

Proof: Choose a Lyapunov function V D V1 C V2, where

V1 D 1
2 ST

1S1 (48)

V2 D 1
2 tr QWÃ C ¡1

w
QWT

Ã C 1
2 tr QVÃ C ¡1

v
QVT

Ã

C 1
2 tr QH B C

¡1
B

QH B
T C 1

2
Q®T

Ã C ¡1
® Q®Ã (49)

Fig. 3 BTT autopilot architecture.

Hence, the time derivative of V1 can be derived as follows:

PV1 D ST
1.¡ K S C QÃn C QBu C v/

D ¡ST
1 K S1 ¡ jS1j" C ST

1f QWÃ . O¾ ¡ O¾0 OVÃ Nxa/

C OWÃ O¾0 QVÃ Nxa C dÃ g C ST
1v C ST

1
QH B

T ! Bu

· ¡ST
1 K S1 C tr QWÃ . O¾ ¡ O¾0 OVÃ Nxa/ST

1 C tr QVÃ NxaST
1

OWÃ O¾0

C tr QH B
T !B uST

1 C kS1k Q®T
ÃY® (50)

where QB D B¡ OB and QÃn D Ã¡ OÃn . Note that, in the preceding,we
have investigated the situation where jSi j ¸ "; 8 i D 1; : : : ; m, and
hence PS1 D PS. For other situations where some Si satisfy jSi j < ",
one only needs to modify the � rst term on the right-hand side of the
preceding inequality as

¡
i

ST
1 K S1 i

to obtain a new PV1 , where the summation solely includes the terms
with jSi j ¸ ".

Furthermore, we have used the following facts:

If jSi j · "; then S1i D 0 D PS1i ; 8 i D 1; 2; 3 (51)

If jSi j > "; then jS1i j D jSi j ¡ " and PS1i D PSi

8 i D 1; 2; 3 (52)

S1i sat.Si ="/ D jS1i j; 8 i D 1; 2; 3 (53)

In addition, the time derivative of V2 is

PV2 D ¡tr QWÃ C ¡1
w

POW T
Ã ¡ tr QVÃ C ¡1

v

POV T
Ã

¡ tr QH B C
¡1
B

POH T
B ¡ Q®T

Ã C ¡1
®

PO®Ã (54)

Then, applying the adaptive law, we can obtain the following result:

PV · ¡ST
1 K S1 or PV · ¡

i

ST
1 K S1 i

(55)

which obviously implies that S1, QWÃ , QVÃ , and Q®Ã are all bounded.
However, either one of the above two will imply that S1 2 L2.
According to the zero dynamics assumption and the boundedness
of all adjustable parameters, it is easy to conclude that Y® , v, u,
and PS1 are all bounded. Finally, the fact that S1 ! 0 as t ! 1
can be concludedby applyingBarbalat’s Lemma; hence, asymptotic
bounds on the actual tracking errors can be achieved. QED
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Remark 3. Because OB may evolve to be singular, despite the fact
that the truematrix B is alwaysnonsingular,an auxiliarytechniqueis
necessaryto ensuretheexistenceof OB¡1 . This projectiontechniqueis
used frequently and is introduced in the adaptive control context to
keep the unknown parameters within a certain parameter range that
guarantees that OB¡1 exists. Because the unknown parameter matrix
H B has physical meaning, this technique can be incorporated eas-
ily into the proposed controller, and a prior rough estimate of the
rangewhere OH B lies (hence, its estimate is invertible) is not dif� cult
to obtain.

Remark 4. Note that the sliding-surfacevariable is only involved
in the adaptive law, and that the neural-network-basedsliding-mode
control law v incorporatesthe neural approximator OÃn so as to track
the desired trajectories as quickly as possible. Such a controller
structure can be quite feasible because the estimated sliding gain
O®T

Ã Y® is updated gradually and continuously to avoid undesirable
system chattering, instead of directly employing a high sliding gain
to overcome large modeling uncertainties or disturbance.

V. Computer Simulation
A. System Constraints

In the BTT autopilot computer simulations, the frequency band-
width of the actuator, namely wa , was 20¼ . Furthermore, the BTT
missile was subjected to the following physical constraints:

limit on attack angle ®: ® ¸ 0 deg
limit on sideslip angle ¯ : j¯j · 5 deg
limit on pitch rate Q: jQj · 150 deg/s
limit on yaw rate R: jRj · 150 deg/s
limit on roll rate P : jP j · 500 deg/s
actuatorposition saturation: jdpj · 21 deg, jdq j · 21 deg, jdr j ·

21 deg
actuator rate saturation: j Pd pj, j Pdq j, and j Pdr j · 200 deg/s

B. De� nition of the Desired Output
The original desired Á command and Az command were both

square functions, and the two commands were asynchronous.
Figure 4 depicts the relationship between them. The leading edge
of the desired Az command lags behind the leading edge of the
desired Á command, and the lagging edge of the desired Az com-
mand antedates the lagging edge of the desired Á command, both
by 1t , which is equal to 0:5 s. Under this arrangement, the effect of
the cross coupling can be reduced to a certain degree. Moreover, to

Fig. 4 Relation between the desired Á command and the Az command.

obtain the desired smooth outputs, Ád , Azd are generated by means
of the following equations:

RÁ d D ¡225Ád ¡ 30 PÁ d C 225.desired Á command/ (56)

PAzd D ¡10Azd C 10:0.desired Az command/ (57)

where the desired Á command and Az command are square func-
tions.

In addition, if we choose (Á; Ay ; Az ) as the system outputs,
the system can very easily become unstable. On the basis of the
groundwork of the output-rede�nition system,2 the dif� culty with
theundesirablenonminimumphasepropertywas alleviated.We also
found that the relationshipbetween Azd and Wd could be expressed
in a simple fashion. Thus, we designed a proper Wd command:

PWd D ¡´.Azd ¡ Az/ (58)

where Wd is the rede� ned desired command, Az is the actual output
response, and ´.¼4:0/ is a design parameter.

The responseof Ay is always constrained to zero to eliminate the
side force Fy . If the signal V [or sideslip angle ¯ D tan¡1.V=U /]
is constrained to zero, then the same result can be attained. On this
basis,we let the desired command Vd be zero.Because of this setup,
it is found that, in fact, the signals Á

.3/

d , RWd , and RVd are not really
needed to form Nxa (the input vector of the neural network); hence,
they are deleted from Nxa to reduce the computation time.

Table 3 Setup parameters for the BTT missile autopilot

No. of inputs of neural network 21
No. of hidden nodes of neural network 25
No. of outputs of neural network 3
No. of total elements of O2B 10
No. of total elements of O®Ã 4
Total adjustable parameters 614 D 21 £ 25

C 25 £ 3 C 10 C 4
Sliding surface S1 Re1 C 25 Pe1 C 10 e1
Sliding surface S2 Pe2 C 2 e2
Sliding surface S3 Pe3 C 2 e3
Dead-zone size " 0:5
Adaptive gain 0w with respect to Á diagf400; : : : ; 400g
Adaptive gain 0w with respect to V diagf25; : : : ; 25g
Adaptive gain 0w with respect to W diagf200; : : : ; 200g
Adaptive gain 0v diagf0:25; : : : ; 0:25g
Adaptive gain 0® diagf2; 2; 0:02; 2g
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Acceleration (Z): Az

Acceleration (Y ): Ay Roll angle: Á

Velocity (Z): W ®

¯ Pitch control angle dq

Fig. 5 BTT simulation results.

C. Controller Setup
The design procedure and the detailed de� nitions for the BTT

autopilotare shown in Sec. IV. Now, we give the valuesof the design
parameters of the controller that was used in all simulations, and
these design parameters are listed on Table 3. The overall weights
of a neuralnetwork are initiallyset to zero.Note that only one single
MIMO neural network is used in the autopilot design, and that the
adaptive gain C w is separated into three parts with respect to three
different output channels. Furthermore, in the BTT missile model,
we can � nd that Z is involved in the aerodynamic model, but that
the states X; Y are used only to express the position of a missile.
Because X and Y are not involved in the Á, V , or W channel, the
vector function A.¢/ is not related to these two states, and so they
are excluded from Nxa as well. Therefore, the total number of neural
network inputs is 21.

D. Simulation Results
In the following simulation, the thrust T of the missile was set to

zero. The initial � ight conditionof the missile and the command set
for the continuous � ight were as follows.

Initial conditions:

U D 1020 m/s; W D ¡0:01 m/s; Z D ¡5000 m

and the other states were all set at zero.
Command set:

Desired command
Time, s Ád , Ayd , Azd ,Command

stage t1 t2 t3 deg g g

(1) 0.0 2.0 3.0 0 0.0 –50.0
(2) 3.0 7.5 9.0 135 0.0 –13.0
(3) 9.0 12.0 13.0 90 0.0 –10.0
(4) 13.0 17.0 20.0 0 0.0 –3.0

The detailed descriptions of t1 , t2 , and t3 can be found in Fig. 4,
and the simulation results are shown in Fig. 5.

In the preceding case, we used one controller in the continuous
� ight simulation, and the setup parameters of this controller were
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identical. No tedious prior training was necessary.One can observe
that the system outputs trackedthe command .Ád ; Ayd ; Azd/ and the
rede� ned command (Vd ,Wd ) quitewell, that the valueof the sideslip
angle ¯ (<10¡3 deg) was kept very small, and that the states of the
missile did not violate the physical limitations.

VI. Conclusions
An on-line tuning multilayer neural-network-basedautopilot has

been developed for a BTT missile. The Lyapunov theory is used
to complete the closed-loop stability proof. This scheme combines
neural networks and the sliding-mode control technique. The for-
mer has been applied to model some unknown nonlinear functions,
whereas the latter has been used to overcome some modeling resid-
ual terms. Especially, the proposedcontrollerhas the following fea-
tures.

1) The controller design never requires a prior time-consuming
training phase or unrealistic information about the optimal neural
network (e.g., the upper bound on the norm of the optimal weight
matrices).

2) The sliding-mode controller employs signals from the neural
network, but the parameters of the sliding-mode controller are up-
dated in an online manner so as to avoid excessively high control
efforts.

3) Only a singleneuralnetwork is used to design theautopilot,and
the controller no longer requires use of coarse or inaccurate tabular
data regarding the aerodynamics of the atmospheric coef� cients.
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